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' Abstract. The present paper deals with autonomous integral equations with infinite delay 

■ via dynamical system approach. Existence, local exponential attractivity, and other prop- 

^ ■ erties of center manifold are established by means of the variation-of-constants formula in 

2^ , the phase space that is obtained in a previous paper |22) . Furthermore, we prove a stability 

reduction principle by which the stability of an autonomous integral equation is implied by 



\l ■ that of an ordinary differential equation which we call the " central equation" . 
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1. Introduction 

In this paper we are concerned with the integral equation with infinite delay 

(E) x{t) = [ K{t - s)x{s)ds + f{xt), 



the condition 



POO 

/ \\K {t)\\e^' dt < oo and ess sup{||ir(t) ||e^* : t > 0} < cx), 
Jo 



CN ■ and / is a nonlinear term belonging to the space C^(X;C"*), the set of all continuously 

(Frechet) differentiable functions mapping X into C", with the property that /(O) =0 and 
-D/(0) = 0; here, p is a positive constant which is fixed throughout the paper, and X : = 
L^(R~; C™"), ]R~ := {—oo, 0], is a Banach space which will be introduced in the next section as 
the phase space for Eq. (E), and Xt is an element in X defined as Xt{9) = x(t + 9) for 9 G M". 
One of the purpose of the paper is to establish several results (the existence, the (local) expo- 
nential attractivity and so on) on the (local) center manifolds of the equilibrium point of Eq. 
(E). For several kinds of equations including ordinary differential equations, functional dif- 
ferential equations, parabolic partial differential equations and Volterra difference equations, 
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the subject has been thoroughly studied. For more information in this direction we refer the 
reader to the references [D [21 [3l 12 El El El El [TOl [HI [121 [161 [III IHl ^ and 
the references therein. Recently, Diekmann and Gyllenberg [7] have treated Eq. (E) by Ad- 
joint Semigroup Theory, and established several results including the principle of linearized 
stability for integral equations. Motivated by the pioneering paper [7], the authors in [22] 
have also treated integral equations with infinite delay but via a dynamical system approach, 
and established a "variation-of-constants formula" (VCF, for short) in the phase space. To 
the best of our knowledge, the existence as well as applications of invariant manifolds, in 
particular center manifolds for Eq. (E) are still open questions. It is the purpose of this 
paper to address these questions via the VCF established in [22| . 

Center manifolds play a crucial role in the stability analysis of systems around non- 
hyperbolic equilibria. The existence as well as the smoothness of center (center-stable) 
manifolds allow us to reduce the stability analysis of an original system to that of its re- 
striction to a center (center stable) manifold. This procedure was initiated by Pliss [21], and 
subsequently, becomes popular in the mathematical literature on stability and applications. 
For more information on the reduction principle for ordinary differential equations in finite 
and infinite dimensional spaces we refer the reader to [H [21 [H [121 [20l [26] and the references 
therein. Extensions of the reduction principle to a variety of kinds of equations, including 
functional differential equations could be found in [H [9l [HI [HI [20l [26l [32] and their refer- 
ences. Indeed, as stated in [HI Section 10.5], for any functional differential equation (FDE) 
with a nonhyperbolic equilibrium point the stability of the FDE around is reduced to 
that of an ordinary differential equation u = h{u) in the neighborhood of its equilibrium 
point 0. The procedure can be done based on the dynamical system restricted to a center 
(center stable) manifold that are assumed to exist and to be sufficiently smooth. 

We now outline the presentation of our paper. In Section 2 we present preliminary results 
necessary for our later arguments. In Subsection 3.1 of the paper, applying the VCF in [22] we 
will prove a center manifold theorem for Eq.{E) including the existence and the exponential 
attractivity (Theorem [5]). In Subsection 3.2, introducing an ordinary differential equation 
which we call the "central equation" of Eq. (E), we will establish the reduction principle for 
integral equations (Theorem [6]) that the stability properties for the central equation imply 
that of Eq. (E) in the neighborhood of its zero solution. As an application of Theorem [6] to 
stability analysis of some particular equations, we will consider a scalar integral equation. 
Indeed, by calculating the corresponding central equation we obtain a result (Proposition [9|) 
on the stability properties for the equation in the critical case. Also, in Appendix, we give a 
proof of the smoothness of the center manifold. In addition, for completeness, we establish 
the existence of other invariant manifolds (stable manifolds and unstable manifolds etc.) for 
Eq. (E). 
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2. Notations and Some Preparatory Results 

Let N, M^, M", M and C be the set of natural numbers, nonnegative real numbers, non- 
positive real numbers, real numbers and complex numbers, respectively. For an m G N, we 
denote by C"' the space of all m-column vectors whose components are complex numbers, 
with the Euclidean norm | • |. 

Given Banach spaces {U, \\ ■ \\u) and {V, \\ ■ we denote by £.{U ; V) the space of bounded 
linear operators from U to V with norm 

\\Q\\c{U;V) := sup{\\Q{u)\\v/\\u\\u -.ueU^uj^O} 

for Q e C(U ; V), and use the symbol C{U) in place of C{U ]U). In particular, for an m x m 
matrix M with complex components, ||M|| means its operator norm ||M||£(C"i). 

For an interval J C IR and a Banach space U we denote by C( J; U) the space of [/-valued 
continuous functions on J, and by BC{J;U) its subspace of bounded continuous functions 
on J. We also use the notation Bu{r) which stands for the open ball in U at the center 
with radius r > 0, that is, Bu{r) — {u &U : \\u\\u < r}. 

2.1. Phase space and initial value problems. Let p be a fixed positive constant, and let 
X be the function space L^(M^; C") that is defined to be all equivalent classes of measurable 
functions 

: M" ^ : (l){e)eP^ is integrable on M^. 
Clearly, X is a Banach space endowed with norm 

r-O 



x:= f \m\e''de, 0eX 

J —oo 

For any function x : (— oo, a) — >■ C"* and t < a, we define a function : R~ — >■ C"* by 
Xt{9) :— x{t + 9) for 9 e R~; the function Xt is called the t-segment of x{t). 
Consider the integral equations 

(1) x{t)= I K{t - s)x{s)ds+p{t) 

J —oo 

and 

(E) x{t) = I Kit- s)x{s)ds + /(xt), 

J —oo 

where we assume, throughout the paper, that the kernel X is a measurable m x m matrix 
valued function with complex components satisfying the conditions 



(2) 



(•oo 

|/r||i,p:= / ||i^(t)||e''*(it<oo, ||/r||oo,p:=esssup{||i^(t)||e^*:t>0}<oo, 
Jo 
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p G C™) and / : X -> C'" is of class . Then Eq.p (resp. {E)) can be formulated 
as an abstract equation on the space X of the form 

(3) x{t) = F{t,xt), 

with Fit, 0) = + pit) (resp. + /(0)) for (t, 0) G M x X, where 

L(0) := /" K{-d)(p{d)de, G X 
Note that, in each case, 0) is well-defined because of 

|i^(0)|< r \\K{-d)\\e-'^'\m\e''dd<\\KU^M\\x. 

J — oo 

Thus, X may be viewed as the phase space for Eq.'s ([T]) and {E); in what follows we will 
call X the phase space. 

Now let F : [6, oo) x X — )■ C"* be any continuous function, and consider the equation ([3]) 
with the initial condition 

(4) x„ = 0, that is, x{a + 6) = 0(0) for G M", 

where [a, 0) G [6, oo) x X is given arbitrarily. A function x : (— oo, a) — )■ C" is said to be a 
solution of the initial value problem (l3])-(jl]) on the interval (ex, a) if x satisfies the following 
conditions: 

(i) Xa = 0, that is, x{a + 9) = 0(6*) for 6* G M"; 

(ii) X G Ll^cW, a), X is locally integrable on [a, a); 

(iii) x(t) = Fit,Xt) for t G (a, a). 

If F(t, 0) is locally Lipschitz continuous in 0, by [221 Proposition 1] the initial value problem 
(l3])-(|4j) has a unique (local) solution, which is defined globally if, in particular, F(t, 0) is 
globally Lipschitz continuous in ([221 Proposition 3]). So for any (cr, 0) G M x X (II])- (H]) has 
a unique global solution, denoted x(t; cr, 0,p), which is called the solution of Eq.(IT]) through 
(cr, 0). Similarly, (i?)-(jlj) has a unique (local) solution, which is denoted by a;(t; a, 0, /). 
Moreover we remark that if x{t) is a solution of Eq.(l3]) on (a, a), then xt is an X- valued 
continuous function on [cr, a) (see [22l Lemma 1]). 

Now suppose that = -0 in X, that is, 0(6*) = "0(0) a.e. G M^. Then by the unique- 
ness of solutions of (II])-(I1!) it follows that x(t;cr, 0,p) = x(t;cr, -0,^) for t G (cr, oo), so that 
Xt{cr,(j),p) = Xti<7,4',p) in X for t G [cr, oo). In particular, given cr G M, Xti<J,-,p) induces a 
transformation on X for each t G [a, oo); and similarly for Xt{cr, -, /) with t G [a, a) provided 
that a;(t; a, 0, /) is the solution of (£')-(j4]) on (cr, a). 

When J is an interval in M, a function ^ (t) is called a solution of Eq. ([T]) on J, if G X 
is defined for all t G J and if it satisfies x{t] a,^cr,p) = ^{t) for all t and cr in J with t > a; 
and, similarly, a function ^ (t) is called a solution of Eq. (E) on J whenever G X for t & J, 
and x(t; cr, ^g., /) = ^(t) holds for all t and cr in J with t > a. 
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2.2. A Variation-of-constants formula and decomposition of the phase space. Now, 
for any t >0 and G X, we define T(t)(f) G X by 

[Tit)<P\i9) :=Xi(^;, 0,0,0) 

_ f + 0,0,0), -t < ^ < 0, 
~ [ 0(t + ^), 9 < -t. 

Then T{t) defines a bounded hnear operator on X. We call T(t) the solution operator of 
the homogeneous integral equation 

(5) x{t) = I Kit- s)x{s)ds. 

J — oo 

{T(t)}t>o is a strongly continuous semigroup of bounded linear operators on X, called a 
solution semigroup for Eq.Q. 

Given a positive integer n, we introduce a continuous function : M~ — )■ M.~^ which is 
of compact support with suppF" C [— l/n,0] and satisfies J^^T"'{9)d9 = 1. Obviously, 
V^x G X for X G C™ and the inequality ||r"a;||x \x\ holds. 

The following theorem, established in [22] , gives a representation formula for solutions of 
Eq. ([T]) in the phase space X, which is called the variation-of-constants formula (VCF, for 
short) in the phase space and plays an essential role in the present paper. 

Theorem 1. [221 Theorem 3] The segment Xj(cr, 0,p) of the solution x{-;a,(f),p) of Eq.^ 
satisfies the following relation in X: 

Xi(a,0,p) = T(t - (t)0+ lim / T{t - s){Vy{s))ds, t > a. 

n— >oo / 
J a 

Let X be a subset of X of elements G X which are continuous on [— e^, 0] for some 
> 0, and set 

Xo := {tp ^ X : = (j) a.e. on for some G X}. 
Then for any ip G Xq we can define the value of ■0 at 6' = by 

m ■= 0(0), 

where is an element in X satisfying -0 = a.e. on M~. It is clear that '0[O] is well-defined, 
and Xo is a normed space equipped with norm 

||^IUo:=||V^IU + |V^[0]|, V^GXo. 

By [22| Lemma 1], we note that the solution o", 0,p) of Eq. ([1]) through (a, 0) G M x X 
satisfies Xt{cr, (j),p) G Xq with {xt{cr, 0,p))[O] = x{t; a, (f),p) for t > a. 

The following result yields an intimate relation between solutions of Eq. ([1]) and X-valued 
functions satisfying an integral equation which arises from the variation-of-constants formula 
in the phase space. 
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Theorem 2. [221 Theorem 4] Let p G C{R; C"). 

(i) If x{t) is a solution of Eq. (QP on the entire M, then the X -valued function ^{t) := xt 
satisfies the relations 

(a) ^(t) = T{t - a)^{a) + lim / T(t - s){T''p{s))ds, V(t,a) G ujzth t > a , m 

J a 

X; 

(b) eeC(M;Xo). 

(ii) Conversely, if a function ^ : M — )■ X satisfies the relation 

i{t) = T{t - a)^{a) + hm / T{t - s){T''p{s))ds, V (t, a) G with t > a, 

n— >oo / 

then 

(c) eeC(M;Xo); 

(d) z/ we sei 

<i) = m))\% vtGM, 

t/ien u G C(M;C™), = (in X) for any t G M and u is a solution of 
Eq. (EP on R. 

Based on spectral analysis of the generator A of the solution semigroup {T(t)}t>o, we 
also have established the decomposition theorem of the phase space X ([22]): Let (j{A) and 
Pa{A) be the spectrum and the point spectrum of the generator A, respectively. Then the 
following relation holds between the spectrum of A and the characteristic roots of Eq. ([5]) 

(j{A) n = P^{A) n C_p = {A G C_p : det A(A) = 0}, 

where C_p := {z E C : Re z > —p}, and A(A) is the characteristic operator of Eq. ([5]), that 
is, 

A(A) := E„ - / K{t)e-^'dt, 
Jo 

Em being the m x m-unit matrix ([221 Proposition 4]). Moreover, for ess (A), the essential 
spectrum of A, we have the estimate sup ReA < —p ([22, Corollarly 2]). Now set : = 

Aeess (A) 

{A G a{A) : ReA > 0}, S^^ := {A G a(A) : ReA = 0}, and := (t(A)\(S= U S"). Then 
these observations, combined with the analyticity of det A(A) on the domain C_p, yield the 
following result. 

Theorem 3. [221 Theorem 2] Let {T{t)}t>o be the solution semigroup of Eq.^. Then X is 
decomposed as a direct sum of closed subspaces E^, E'^ , and E^ 

X = E''®E''®E' 

with the following properties: 

(i) dim (E" © E"") < oo, 

(ii) T(it)E" C E", T(t)E^ C E^, and T{t)E' C E' for t G M+, 
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(iii) a{A\Eu) = a{A\E^) = S= and aiA\EsnviA)) = S^ 

(iv) T"(t) := T(t)|£;u andT^it) := T(t)\Ec are extendable for t G M as groups of bounded 
linear operators on and E'^, respectively, 

(v) T^(t) := T{t)\Eii is a strongly continuous semigroup of bounded linear operators on 
E^ , and its generator is identical with A\Eonv{A), 

(vi) there exist positive constants a, e with a > e and a constant C > 1 such that 

||T^(t)||£(x) <Ce-"*, tGM+, 
||T"(t)|U(x) <Ce'^*, teR-, 
||T=(t)||£(x) <Ce^l*l teR. 

In (vi) we note that C is a constant depending only on a and e, and that the value of e > 
can be taken arbitrarily small. Also, we will use the notations E'^'^ = E'^QE'^, E^'^ = E^^BE"^ 
etc, and denote by 11* the projection from X onto E^ along i?^", and similarly for 11", 11'^" 
etc. In addition, we set 

Ci := l|n''||£(x) + ||n''||£(x) + ||n"||£(x). 

If / e C^{X- C™) satisfies /(O) = and D/(0) = 0, Eq. (El) is the linearized equation of 
Eq.(£') around the equilibrium point 0. The equilibrium point (or the zero solution) of 
Eq. {E) is said to be hyperbolic provided that A (A) is invertible on the imaginary axis; in 
other words, S'^ = 0. 

3. Center Manifold Theorem for Integral Equations 

In what follows we assume that / G C^(X; C") satisfies /(O) = and -D/(0) = 0. In this 
section we will establish the existence of local center manifolds of the equilibrium point 
of Eq.(£') and study their properties. To do so, in parallel with Eq.(£'), we will consider a 
modified equation of {E) of the form 

(^5) x{t)= f K{t-s)x{s)ds + fs{xt), 

J —00 

where fs with 5 > is a modification of the original nonlinear term /; more precisely let 
X : M ^ [0, 1] be a C°°-function such that x{t) = 1 (|t| < 2) and x(i) = (|t| > 3), and 
define 

fsi<p) := x(l|ff"0l|x/5)x(l|n^0IU/5)/(0), e X 

The function fs : X C™ is continuous on X, and is of class when restricted to the 
open set := {0 G X : ||n*"0||x < ^} since we may assume that is of class for 

</) 7^ because of dimE^ < 00. Moreover, by the assumption /(O) = Df{0) = 0, there exist 
a 5i > and a nondecreasing continuous function C^, : (0, 61] — t- such that C*(+ 0) = 0, 

(6) \\fsmx<SUS) and ||^(0) - ^(V^)|U < C* - V^IU 
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for (pjip E X and 6 G (0, 6i]. Indeed, we may put 

U5) = ( sup \\DfmciX;€-)) • (1 + 3 sup Ix'(t)l) 

ll</'llx<3<5 0<i<3 

(cf. [Si Lemma 4.1]). Taking 6i > small, we may also assume that there exists a positive 
number Mi{6i) =: Mi such that 

(7) \\Dfsm\ciX;cm) < Ml, (PeSs 

for any S G (0, 6i]. Fix a positive number rj such that 

e < T] < a, 

where e and a are the constants in Theorem [31 

3.1. Center Manifold and its exponential attractivity. For the existence of center 
manifold for Eq.{Es) and its exponential attractivity, we have the following: 

Theorem 4. There exist a positive number 6 and a C^-map F^^s '■ E'^ E'^^ with -F*,5(0) = 
such that the following properties hold: 

(i) W| := graph F,, ,5 is tangent to E'^ at zero, 

ill) Wg is invariant for Eq. (Es ), that is, if ^ e Wg, then Xt{0, ^, /) G for t G M. 
(iii) Assume moreover that = 0. Then there exists a positive constant with the 

property that if x is a solution of Eq.(Es) on an interval J = [tQ,ti\, then the 

inequality 

WU'xt - F^^W'xt^x < c||nx - F,,5(n%,)||xe-^"(*-*°), t G J 

holds true. In particular, if x is a solution on an interval [^0,00), Xt tends to 
exponentially as t —)■ 00. 

As will be shown in Proposition [3] given later, the map F^^s '■ E^ — t- in the above 
theorem is globally Lipschitz continuous with the Lipschitz constant L{6) = 4C^CiC*(5)/(a — 
rj). Noticing that L{S) — )■ as 5 — )■ 0, one can assume that the number 6 satisfies 6 G (0, 61] 
together with L{6) < 1. Let us take a small r G (0,5) so that || -FIk^^ (■?/') ||x < 6 for any 
■0 G BE<^{r). Such a choice of r is possible by the continuity of F^:^^. Set := F^^s\be<:{t) and 
consider an open neighborhood VLq of in X defined by 

f^o := {0 e X : ||ff"0|U < l|n^0l|v < r}. 

Observe that f = fs on Qq. Then the following theorem which yields a local center manifold 
for Eq. (E) as the graph of immediately follows from Theorem |H 

Theorem 5. Assume that f G C^{X; C™) with /(O) = Df{0) = 0. Then there exist positive 
numbers r, 6, and a C^-map : BE<^{r) F*" with F*(0) = 0, together with an open 
neighborhood VLq of in X , such that the following properties hold: 
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(i) W{^^{r,6) := graph is tangent to E'^ at zero, 

(ii) Wi^^{r^5) is locally invariant for Eq. (E), that is, 

(a) for any ^ G W^^^{r,5) there exists a t^ > such that Xt{0,^,f) G W{^^{r,6) for 

\t\ < H, 

(b) tf^ G iyi^„,(r,5) andxt{^,^J) enoforO<t<T, then Xt{0,^J) G W^r^S) 
forO <t<T. 

(iii) Assume moreover that = 0. Then there exists a positive constant Pq with the 
property that if x is a solution of Eq. (E ) on an interval J = [tg, ti] satisfying Xt G VLq 
on J, then the inequality 

WU'xt - E,{U'xt)\\x < C||nX - F,(nX)||xe-*(*-*»), t G J 

holds true. In particular, if the solution x{t) is defined on [to, oo) satisfying Xt G Qq 
on [to, oo), then Xt tends to Wf^^{r, 6) exponentially as t ^ oo. 

In what follows we will prove Theorem H] by establishing several propositions. Before doing 
so, we prepare the following lemma: 

Lemma 1. Let /* G C(X; C"), and consider the equation 
(E,) x{t)= [ K{t- s)x{s)ds + f,{xt). 



Moreover, let ip G E'^, and t] be as above. Then we have: 

(i) // x{t) is a solution of Eq. (E^) defined on M with the properties that TV^Xq = ip, 
suPtgK ll^tllx e"'''*' < oo anc? supfgjj I/* (xt) I < oo, then the X -valued function u{t) : = 
Xt satisfies 

u{t) = T^it)^ + lim [ T"(t-s)nT"/,(M(s))cis 

POO nt 

-lim / r"(t-s)n"r"/,(M(s))c/s+ lim / T\t - s)IW' f,{u{s))ds 

n->oo n->oo J _^ 

fort G M, and moreover u belongs to C(]R;Xo). 

(ii) Conversely, ify G C(M;X) with snp^^f^ ||?/(t)||x e^'''*' < oo and snp^^^ < oo 
satisfies 

y{t) = T%t)ij+ lim f T\t-s)IlT''fMs))dr 

POO pt 

-lim / T"(t-s)n"r"/,(?/(s))rfs+ lim / T'{t - s)Il'T'' f,{y{s))ds 

J t J — oo 

for t G M, then y belongs to C(]R; Xq) and the function ^{t) defined by 

at) := {y{t))[0], teR 



10 HIDEAKI MATSUNAGA, SATORU MURAKAMI, YUTAKA NAGABUCHI, AND NGUYEN VAN MINH 



is a solution of Eq.(E^) on M satisfying ff^o = '4^, sup^g^ ||^( ||x e < oo and 

it = yit) for t e M. 

Proof, (i) Let p{t) = f^{u{t)) for t G M. Then p belongs to i?C(M; C™) and x is a solution of 
Eq. ([1]) on R. So it follows from Theorem |2] that u{t) = a;^ is a continuous Xq- valued function 
for t G M, that is, u G C(M; Xq). We know from Theorem [1] that 



(8) u{t) = T{t - a)u{a) + lim / T(t - s)r>(s)ds 

J a 

holds for any t and a with t > a, which implies 

^"^(t) = T^"(t - a)ff"u(o-) + hm / T^"(t - s)ff"rXs)(is, 

J a 

and moreover 

= T""((T - t) - lim / T""(t - s)ff"rXs)cis 

L ?1— ^-oo / 
J a 

= T^'^ia - t)n'^"M(t) - lim / T^"((t - s)WT''p{s)ds, t > a 

J (7 

because of the group property of {T^'^(t)}teR- So it follows that 

^"^(t) = r""(t - a)ff"M((T) + lim / T'="(t - s)ff"rXs)rfs 

n—^oo I 

for any t, cr G R, and in particular 

(9) Wuio) = T"((T - t)Wu{t) - lim / r"(a - s)n"rXs)rfs, Vt, a G R 
and 

(10) 

Now, in view of 

||r"((T-t)n"M(t)|U < CCie"("-*)e''*f supllxflUe'"*) ^0 as t ^ 
we get from ^ 

Wu{a) = - lim lim / T"((t - s)n"rXs)rfs, cr G M. 



U%{t) = T\t)ij + lim / T\t - s)nTXs)rfs, t G M. 



OO, 



Note that the limit 



i*t poo 

lim / T"(a - s)n"rXs)rfs = / T"((t - s)n"r' 



'p{s)ds 



exists in X. Indeed, using the inequality ||r'^a;||x ^ \x\ for x G C", we have for t2 > ti > a 



Jti 



< sup |p(t)|)e"('^-*^) -^0 



X 



a \ 
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as ti — )■ oo, which imphes the existence of the hmit, together with uniformity in n of the 
convergence. On the other hand, since 



/•oo /"OO 
J (T J (7 



X 



< 



X 



X 



< 



+ 

2CCi 



I T"((T - s)n"r>(s)c/s - I T"(a - s)n"rXs)cis 

J cF J a 



X 



t 



sup )e' 



+ 



n" y T((T - s)rXs)cis - y T(a - s)rXs)cis) 



for any t > cr, it follows from lim T{t — s)r"p(s)(is = 0,p) (Theorem [T]) that 



lim sup 

?i,m— >cxi 



< 



T"((j - s)n"rxs)rfs - / T"(cT - s)n"rxs)rfs 

sup b(t)|)e"("~*). 



X 



Since t > 0" is arbitrary, J^T^{(t — s)Il'^T"'p{s)ds converges in X as n — !■ oo. These 
observations yield 

lim / T"((T - s)n"rXs) = lim lim / T"((t - s)U''Ty{s)ds 

Jo J (J 

lim lim / T"((T - s)n"rXs)ds 

t— ^oo n— >oo / 
J a 



Similarly since ([8]) also implies 



-n"u(a), a G 



ffM(t) = T^(t-a)ffu((7)+ lim / T'{t-s)U'Ty{s)ds, t > a. 



by the same reasoning as above, one can obtain 



(12) 



ffM(t) = lim / T'{t- s)Wry{s)ds, te 
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Thus, ([TO]), and ([12]) yield 

u{t) = u%{t) + n"M(t) + u'u{t) 

= rit)^ + lim / rit - s)nTXs)rfs 

POO rt 

-lim / T"(t - s)n"rXs)ds + lim / T\t - s)Ii'T''p{s)ds, 

o t o — CXD 

t G M, as required. 

(ii) Set g{f) = f^{y{t)) for t G M. Then g belongs to _BC(]R; C™), and by the same argument 
as the one in (i), the limits lim r°° r"(t - s)n"r"^(s)rfs and lim T\t - s)WT''g{s)ds 

n— )-oo n— >-oo °° 

exist for each t G M. For any (t, a) G with t > a, we get the relation 

= T{t - (T)y((T) + lim / T{t - s)r"^(s)(is 

n— >oo / 



in X, because 

T(t - a)y((T) + lim / T{t - s)T''g{s)ds 



T{t-a){T\a)i)+ \im [ T'{a - s)UT''g{s)ds 

I n->oo 

-lim / T"(a - s)n"r"^(s)rfs + lim / T"((t - s)nT'^^(s)c/s| 
+ lim / T{t - s)r''g{s)ds 

n— >oo / 
J a 

T\t)^ + lim / T\t - s)nT"^(s)rfs - lim / T"(t - s)IW''g{s)ds 
+ lim / T%t- s)WT''g{s)ds+ lim [ T{t - s)T''g{s)ds 

J — OO cr 

poo 

T%t)i) + lim / T%t - s)WY''g{s)ds - lim / T"(t - s)n"r'^^(s)ds 



+ lim / T^(t - s)nT"^(s)ds 

n— >-oo / ^ 

J —OO 

y{t) 



in X. Therefore, from Theorem [2] it follows that y G C(]R; Xq) and the function ^ defined by 
^(t) = (?/(t))[0], t G M, satisfies ^ G C(M; C'"), it = y{t) (in X) for t G M and ^ is a solution 
of Eq. ([1]) (with p = g) on M. Observe that H^^o = = if) and sup^gjg ||6IU e"'''*' = 
supjgjg ||y(t)||x e^'''*' < OO. Also, since f*{it) = /*(2/(^)) = fi'(^) on M, ^ must be a solution 
of Eq. (E^,) on M. Thus ^ is a solution of Eq. (E^) with the desired properties. The proof is 
completed. □ 
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Now take a 6i > sufficiently small so that 

/I 2 2 \ 1 

(13) USi)CC^ + ^ + < - 

\ri — 6 a + T] a — T] J 2 

holds. Let Yr^ be the Banach space 

:= {y G C(R; X) : sup ||x e^^'l*' < oo} 

with norm 



\y\\Y, ■■= sup\\yit)\\xe yeY, 



and for {ip^y) ^ E'^ x set 

J',{ilj,y){t):=T\t)i,+ hm f T\t - s)WV^ fs{y{s))ds 

POD 

(14) - hm / T"(t - s)U'^T^fs{y{s))ds 



+ hm r r^(t - s)nT'^/,(|/(s))rfs 

J — oo 



for t G R. Notice that the right-hand side is well-defined and that J^s{'ip,y) is an X-valued 
function on M for each y) & x F^. 

In the following we will establish several propositions to prove Theorem HI 

Proposition 1. Let J^s{'ip,y) be as above. Then 

(i) J^s defines a map from E'^ x to Y^^ by sending {ip, y) E E'^ x Yr, to J^si'ip, y)- 

(ii) Let 5 G (0, 5i\. Then J^s{ip, ■) is a contraction map from into itself, with Lipschitz 
constant 1/2, for each ip & E'^. 

Proof, (i) We ffist show y) G C(M; X). Let z{t) := lim T'{t-s)U'T''fsiyis))ds = 
lim„_j.oo /_oo ^'^('^ " s)Il'^T"-ps{s)ds for t G M, where ps(t) := fs{y(t)). Take a a so that a <t. 



-t 

-oo 

Then 



z{t) = lim / T'{t - s)U'rys{s)ds + lim / T'{t - s)U'rys{s)ds 

J — oo J cr 

= T'it -a)( lim / T'{a- s)nT>5(s)c/s^ + f lim / T(t - s)rXs)rfs 
= (T(t - a)^(a) + lim / T{t - s)r''ps{s)ds 



Observe that the X-valued function T(t—a)z{a) is continuous in t. Also, the term lim„_>oo T{t— 
s)T^Ps{s)ds is continuous in t as an X-valued function, because of lim„_j,oo T{t—s)T"'ps{s)ds = 
Xt{(T, 0,ps) by Theorem [H This observation leads to the continuity of z{t) on M. Almost the 
same argument as for z{t) shows the continuity of the third term of the right-hand side of 
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(fT4|) . The second term of the right-hand side of (IT^ is identical with n'^X((0, O,^^) for t E 
(cf. (fTOj) ). and hence it is continuous on M. Thus J^si^^y) belongs to C(]R;X). 
By virtue of Theorem [3] combined with ([6]) , we see that 

||[n'J-j(^,!/)](i)||;,e-"l'l < e-'I'l (ce'^Hiix + j'^ CCie'^'-^KMi" 

(15) < CII^IU + ^^^f^ 

and that 



[n'«JF-j(i/,,a)](i)||,^-e-'l'l < e-'I'l (rCCie"''-'^S(;.(S)'ls + j CC,e-''-'-^6(,{S)dt 
(16) < 



for (■?/', y) e E" X Yr, and t G M. So it follows that 



1 2 



hence J^s{i^,y) belongs to with \\T5i^,y)\\Y, < C\\ij\\x + SC,{S)CCiil/e + 2/a). Thus, 
defines a map from i?*^ x to 1^. 

(ii) Let ip E and ?/i,?/2 ^ Then by ([6]), together with (fT3|l . 

ft 



-^5(^,2/2) ||y, < sup e "1*1 



poo 

+ sup e-"!*! / CCiC(5)e"(*-'^)||i/i - i/2||y,e'''^lds 
teM Jt 

+ supe-''l*l r CCiC((5)e-"(*-^)l|i/i-i/2||y,e"l^'f/s 

iGK J-00 

< USi)CC, + + - y,\\y^ 

\ri — e a + r] a — rj J 

<(l/2)||yi-y2||y„ 
so that J^5{ip, ■) is a contraction map with the required property. 



□ 



In view of Proposition [T] (ii) the map J^s{ip-, ■) has a unique fixed point for each ip G E'^, 
say A,,^5('?/^) G y^, i.e., we have 

ft 



(17) 



A,,5(^)(t) = T'=(t)V+ lim / T=(t-s)nT"/5(A,,5(z^)(s))ds 

/■CXI 

- lim / T"(t-s)n"r"/5(A.,5(^)(s))rfs 
+ lim /" T'{t-s)m''fs{Ks{^){s))ds 

J —00 
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for t G M, whenever < 6 < 6i. 

Proposition 2. A* ,5(?/') satisfies the following: 

(i) ||A*,5(^i) - A*Ai^2)\\Y, < 2C\\iJi - ij2\\x for Vi, V'2 e E^. 

(ii) A,,5(V^)(t + r) = A,,5(ff(A,,5(^)(r)))(t) holds for t,T e R. 

Proof, (i) By Proposition [T] (ii) it follows that 

||A,(V'l) - A,(V^2)||y, = \\M'4^1,K,5M) - M'^2,K,5i'^2))\\Y^ 

+ \\TsiA,K5M)-M^2,K5i^2))\\Y, 

< (1/2)||A.,,(^0 - A.,.(^2)||y„ + 

so that 

||A.(^i) - A*(^2)||y„ < 2|m-)(^i - ^2)||r, 

= 2sup|mt)(^i-^2)IUe-''l*l 

<2sup (Ce^l*l||^i -V^2|U)e-''l*l 

= 2C||^i-^2|U. 

(ii) Given r G M, let us set 

A(t) := A,,5(^)(t + r), t G M. 

Obviously, A(-) G F,, and 
A(t) = A,,5(V^)(t + r) 

rt+T 

= T\t + r)V^ + lim / T\t + r - s)^'' fs{K,s{'4'){s))ds 

/>oo 

-lim / T^{t + T-s)WY''fs{KAi^){s))ds 
r^(t + r - s)nT"/5(A,,5(^)(s))c/s 

-oo 

= T'=(t)(T^(r)V'+ lim [ T\t - s)WV^ fs{KA'^){s))ds 

\ n—KX) Jq / 

+ lim t T\t-s)jrY''f,{KA"^){s^T))ds 



-lim / T"(t-s)n'^r"/5(A,,5(^)(s + r))ds 
+ lim / T^(t-s)nT"/5(A,,5(^)(s + r))rfs 

•J — oo 
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= T^{t){U'{K,smr))) + lim f T^{t - s)UTysCHs))ds 

-lim / r"(t - s) n"r'*/5(A(s)) (is + lim / T'{t- s)U'T''fs{A{s))ds 

n->oo n->oo J _^ 

that is, A is a fixed point of J^s(II'^{A^^s{'4^){t)), The uniqueness of the fixed points yields 
A = A*,5(n'=(A*,5(V^)(r))), and hence 

K,s{ij){t + t) = A{t) = A,,siTi"{A*,sW{r))){t), teR, 

as desired. □ 

For 6 G (0, 6i] let F^^s ■ E'^ be the map defined by F^^sW := W o evo o A^^s{ip) for 

G E'', where evo is the evaluation map: evo(y) := |/(0) for y G C(M; X). Since 

A,,5(V')(o) = v- lim / r"(-s)n"rV5(A*,5W(s))ds 

+ hm f T%-s)U^r^fsiA,,sms))ds, 

n— >-oo / ^ 
«/ — oo 

it follows that 

poo 

F,,sW = - lim / r^(-5)n"r"/5(A,,5(^)(s))rfs 
(18) +iim r r^(-s)nT"/5(AM(V')(«))t^«> V'e^'; 

n— >oo / „ 
./ — oo 

and in particular A*^5('0)(O) = + F^,5{'4>) for ^ -E"^- 
Let us set 

Wl := graph F,,5 = + : V' e 

Proposition 3. The map F^.^s and its graph Wg have the following properties: 

(i) is (globally) Lipschitz continuous, i.e., 

- F*Ai'2)\\x < -^2|k, ^1,^2 e E', 

where L{S) := 4C^CiC{S)/{a - r]). 

(ii) Let (p G and r G M. T/ien the solution of (Eg) through (r, (j)), x{t; r, 0, fs), exists 
on R and 

xt{r,lf5)^A,4i^){t-r), teR, 

where ip — 
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(iii) Moreover for G and r G M, 

ff"Xi(r,0,/,) = F,4U'xt{T,lfs)), t G M. 

In particular is invariant for (Es), that is, Xt{T, 0, fs) G for t G M, provided 
that (f)eW^. 

Proof, (i) By flTSl) and Proposition [2] (i) 

-F,,5(^2))||^ < r CC^e''X,{5)\\A,4^^){s) - A,4^2){s)\\xds 

J — oo 

< r CCie°^C(5)||A*,5(^i)-A*,5(^2)||y„e''l^lrfs 

J — oo 



a — ?7 



-||A,,5(^l) - A,,5(^2)|| 



Yr, 



A similar calculation gives 

||n"(F,,5(v^i) - F,4iJ2)) L < ^11^1 - Mx, 

and therefore 

WF.A^i) - F,4iJ2)\\x < mw^i - H\x. 

(ii) Applying Lemma [T] (i), we deduce that A^.^si'ip) ^ C(I^;-^o) and that the X-valued 
function ^{t) := {A^A^){t))[0] {t G M) satisfies ^ = A,,5(V^)(t) for t G M and is a solution 
of {Es) on R with = A,,5(V^)(0) = + ^.^^(V') = 0. Let a;(t) := ^(t - r). Then is a 
solution of (-E^) on M with Xr = 4>, so that x{t) = x(t] r, (p, fs) for t G M. Consequently, 

xt(r, 0, /5) = et-r = A,,5(7/;)(t - r), t G M. 

(iii) Notice from Proposition [2] (ii) that A*,5(V^)(t - r) = A^^s{'n%A^Aip){t - r)))(0) for 
■0 := Il'^(f), which, combined with (ii), yields 

ff"a:i(r,0,/5) = ff"(A,,5(ff(A,,5(^)(t-r)))(0)) 

= ff"(A,,4ffxi(r,0,/5))(O)) 

= F,,5(n^Xi(r,0,/,)). 

The latter part of (iii) is obivous. □ 

Now assume that S" = 0, i.e., = {0}. Fix a 5 G (0, 5i] and let 

K:=CCiU6), fi:=K + e. 

Proposition 4. Let x(t) be a solution of (Es) on an interval J := [tQ,ti]. Given t & J, put 
:= U'^Xr + F^^sO^'^Xr) ■ Then the following inequalities hold: 
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(i) Forto<t<r 

\\U'xt-Il''xt{Tjjs)\\x <K e^^'-'^\\U'xs-U'xs{Tjjs)\\xds. 

(ii) Moreover for to <t < t 

\\Wxt - Wxtir, I fs) \\x<kJ^^ e^'(^-*) Ui-s) \\xds, 

where fi' := fi + KL{6) and ^{t) := Wxt - F^^sO^^Xt) for t e M. 

For the proof of Proposition HI we need the following lemma. 

Lemma 2. Let g{t), h{t) and r{t) are real valued continuous functions on the interval [to, t] 
such that r{t) > and 



(19) g{t)< J h{s)ds + J r{s)g{s)ds 

for t E [to,T]. Then we have 

g{t) < J h{s) exp (^j^ r{a)d(j^ ds, t G [to^T]- 

Proof. Put 

/•r nT i*T 

F{t) := / r{s)g{s)ds, H{t) := / h{s)ds and R{t) := / r{s)ds. 
Jt Jt Jt 

By the assumption -F'{t) = r{t)g{t) < r{t){F{t) + H{t)) and hence 

^(e-^WF(t)) = e-^W(r(t)F(t) + > -r(t)e-^^''^ H{t). 

Since F(r) = H{t) = 0, 

e-^WF(t) < r{s)e-^^'^H{s)ds 

= -e-^Wif(t) - j\-''^'^H'{s)ds 
= -e-^('^H{t) + J\-'^^'^h{s)ds, 

and hence 

F{t) + H{t) < ^"e^W"^(^)/i(s)cis. 
So, by using f[T9|) again, we get 

g{t) < F{t) + H(t) < /i(s)exp (^j^ r{a)d(^ ds. 

This completes the proof. □ 
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Proof of Proposition\^ (i) By Proposition E] (ii) and (iii), the solution x(t; r, 0, fs) exists 
M and U'xt{T, 0, fs) = F^^s{^^Xt{T, 0, fs)) for t € M. Since t < r, VCF gives 



Xr{T, 0, fs) = T{t - t)xt{T, 0, fs) + Um / T(r - s)r"/5(xs(r, 0, /5))(is, 

ra— )-oo J J 

in particular 

U'x^{Tj,fs) = T'{T-t)U'xt{T,4^,fs)+ lim / T^(r - s)nT"/5(a;.(r, 0, /5))cis. 

n— >cxD 

By the group property of {T'^{t)}teR 

U'xtir, 0, fs) = T%t - t)Wx,{t, 0, fs) 
(20) -lim r T\t-s)Yi'V^fs{x,{T,lfs))ds. 

Similarly for the solution x{t) 

Wxt = T^it - T)U^Xr - lim / r"(t - s)UT''fs{xs)ds. 
Noting that n'^Xr(T, 0, fs) = n'^0 = U'^Xr, we obtain 

\\Il'xt-U''xt{T,4>,fs)\\x < j^^ CCie'\'-'\U5)\\x,-Xs{T,lfs)\\xds 

< j^^ Ke<^-'W\Ii^Xs - x,(r, 0, 
+ -ffx,(r, ^Js)\\x)ds, 

so that 

e^iffxi - n%i(r, 0, < ^ i^e"||ff X, - x,(r, 0, /5)|Uc^s 

+ j^' ire"||n% - n^x,(r, 0, /5) llx^/s 
for to < t < T. Applying Lemma [2], we get 

e^*||n%i - U'xtir, 0, /5) llx < Ke^(^-*)e"||ff X, - x,(r, 0, /5)|Urfs, 
which implies (i). 

(ii) By virtue of Proposition [3] (iii) and (i) 

\\Wxs-U'Xs{T,4>,fs)\\x < WU'Xs - F,4U'Xs)\\x 

+ ||F,,5(n%) -F,,5(ffa;,(r,0,/5))||^ 

< Uis)\\x + mm^^s -T^''XsiT,4>J5)\\x 
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for s G J. Hence it follows from (i) that 

e^'\\U''xt-U'xt{T,4)J-s)\\x <K j\^'\\U'xs-U'xs{Tj,fs)\\xds 

< j^^ Ke^^\\as)\\xds 
+ / KL{6)e^''\\Wxs-Wxs{T,^Js)\\xds. 



Then another application of Lemma [2] readily yields (ii). □ 
Recall that 

(21) K:=CCiCM, f^:=K + e, fi' := fi + KL(S) = K{1 + L{5)) + e. 

Proposition 5. Assume that S" = and x{t) is a solution of (Es) on J = [tQ,ti]. Define 
Xt G by Xt := Wxt + F^^^iJYxt) for t E J , and set y{s; t) := U'^Xsit, Xt, fs) for t G J and 
s <t. Then the following inequality holds: 



Ms;t)-y{s;to)\\x<K e'^'^'-^^Umixde, s<to, 

J to 

where ^{9) := U'xe - F^^sijl^xg) for 9 e [to,t]. 

Proof. Suppose that s < to- By the same reasoning as (120|) 

(22) x,(t, Xt, fs) = T%s - t)irxt - lim ! T%s - a)nT"/5(x,(t, Xt, fs))da. 

J s 

Applying VCF to Xt and using Wxr = H'^Xr (r G J), we deduce that 

U'xt = T'{t - to)U''xt, + lim [ T%t - a)WY'' fs{x„)da, 

and, thus, fl22l) becomes 

n%(t, xu fs) = T\s - to)n%, + lim I T%s - cr)U'r^ fs{x^)da 
-lim / r{s-a)UT''fs{x^{t,Xt,fs))da, t e J. 
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Therefore 



s]t) - y{s;to)\\x = ||n%^(t, x*, Z^) - ffx^(to, ^^to, Z^) ||x 



lim / T%s-a)U'T''fs{x^)da 

J to 

- lim f r{s-a)Ii''T^fs{x^{t,Xtj5))da 

'•to 



+ lim / T%s-a)U''T^fs{x4to,XtoJs))da 

J s 

< fcC,e'^'-'^^US)\\x,-x,{t,Xt,fs)\\xda 



X 



to 



to 



+ / CCie'^'-''^US)\Mto,Xt,,fs)-x„{t,Xt,fs)\\xda. 



(23) 
Observe that 

\\x^ - x^{t,xt, f5)\\x < llffa;^ - Il'x^{t, Xtj5)\\x + W^^x^ - Wx^it, Xt, f5)\\x 

< \\Wx, - F,,,(n^x.)|U + WF^A^'x^) - F,4U'xAt,Xt, fsMx 
+ \\Wx^ - U^xAt,Xt,fs)\\x 

(24) < Uia)\\x + {I + mm^x^ - 'n'xAt,xt, fs)\\x, 
where we used Proposition [3] (i) and (iii). Note also that 

\\xAto,Xto,fs) - xAt,Xt,fs)\\x < \\Il'x^{to,Xto, fs) -Il'x^{t,Xtj5)\\x 

+ \\WxAto,Xto, fs) -Wx^{t,Xt,f5)\\x 
= ||F*,5(n%^(to,Xto,/5)) - F^^s0l^X„{t,Xtj5))\\x 
+ \\Il''Xa(to,Xto, fs) - Il''Xa(t,Xt, f5)\\x 

< {l + L{6))\\U'xAto,Xt„fs)-U''xAt,Xt,fs)\\x 

(25) =(l + L(5))||y(a;t)-y(a;to)IU. 

In view of (123|) . fl24l) and fl25l) . combined with Proposition |4] (ii), we deduce 

is;t)-y{s;to)\\x < [ Ke''^''-'\\\a(y)\\x + [l + L{5))\\n^x^ - U''xAt,XtJs)\\x)da 

J to 

+ Ke'^'^-^^l + L{S))\\y{a; t) - y{a- t,)\\xda 
< f Ke'^'^-''^\\i{a)\\xda 

J to 
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(26) + r Ke'^''-'\l + Lm\yi^;t) -y{cT;to)\\xda. 

J s 

Notice that the second term of the right-hand side becomes 
because of (12T!) . So we see from (126|1 that for s <to 



+ K{1 + L{5)) ! " e'^'Ma- 1) - y{a- to)\\xda. 



By Gronwall's inequahty and (12T1) 

J to 



and therefore 

\\y{s;t)~y{s;to)\\x < K T e^>-^)||e(a)|Uc?a, s < to, 
as required. □ 
Proposition 6. Assume that E" = and 5 G (0, Si] satisfies 
(27) max (fi', ^^^^ ~ f ) < a. 



a — fi 

If x{t) is a solution of (Es) on J = [tQ,ti\, then the function C,{t) := H'^Xt — F^^s(n.'^Xt) 
satisfies the inequality 

wmwx < cmto)\\xe~^"^'''"\ tej, 

where f3o := a — K{a — e)/{a — ji') > 0. // in particular J = [to, oo), dist {xt, Wg) tends to 
exponentially as t oo. 

Proof. Observe that for t G J 

m - T'{t - to)e(to) = ^'xt - F^^U'xt) - T'it - to){Wxt, - F^^U'xJ) 

= W{xt - T{t - to)xt,) - F,,5(n^x0 + T'{t - to)F,,5(nx) 



hm / T'it- s)WT''fs{xs)ds (byVCF' 

Jto 

- hm f T\-s)m^fs{K5{Ii''xt){s))ds 

•J — oo 
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+ lim r T^(t-to-s)nT"/5(A*,5(n%)(s))ds 

J — oo 

= lim /"° T\-s)m^f,{x,^t)ds 

- lim r r(-s)nT"/5(A,,5(n%i)(s))rfs 

J — oo 

+ lim t *T'^(-s)nT"/5(A*,5(n%,)(t-to + s))rfs 

J-oo 

= lim / T\-s)WV^[fs{x,^t)-fs{K^,{Wxt){s)))ds 

+ lim r *r(-s)nT"(/5(A,,5(nx)(t-to + s)) 

n— )-cxD / ^ 
— oo 

-/5(A,,5(n^xO(s)))t/s. 

If we set Xt := n'^xt + F*^5(ffa;j) for t G J, by Proposition |3](ii) A,,^5(ffa;j)(s) = Xs(0, Xt, Z^) = 
Xs+tit,xt, fs) and A,_5(n^XtJ(t - + s) = Xt„t(,+^(0, Xt^, Z^) = Xs+t{to, Xt^, fs) in particular 
for s G M". So 



e(t)=T^(t-to)e(to)+ lim / T'{~s)Wr^{fs{xs+t) - fs{xs+t{t,xt,fs)))ds 
+ lim r V^(-s)nT"(/5(a;,+t(to,Xto,/5))-/5(a;.+t(t,Xt,/5)))cis, 

n->-oo / „ 
>/ —oo 



and thus 



Ke"^\\xs+t{to, XtoJs) - Xs+t{t, Xt, fs)\\xds 

-oo 

= Ce-°(*-*°)||e(to)lU + f Ke'^^'-'^\\X0-X0{t,xt,fs)\\xde 

J to 

+ r Ke'^'^'-'^Wxeito^Xt.Js) - X0{t,xtjs)\\xde. 



Since Xo{t,Xt, fs) (t G J) can be written as 

Xt, Z^) = n%9(t, Xt, fs) + X0(t, Xt, fs) 

= Wxeit, Xt, fs) + F,,5(n%(t, Xt, fs)), 9 G 
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(Proposition [3] (iii)), it follows from Proposition |3] (i) and Proposition [5] that for 6 <tQ 

\\xe{to,Xto, fs) - xe{t,xt, fs)\\x < \\Il''xe(to, Xto, fs) - Il''xe(t,Xt, fs)\\x 

+ \\F,,s{U''xe{to,Xt„ fs)) - F,4U'xe{t,Xt, fs))\\x 
< (1 + L{S))\\U'xe{to, xt„ fs) - U'xeit, Xt, fs)\\x 
= {l + m)\\y{e;t)-y{e;to)\\x 

<{1 + L{5))K f e'''^^-'^mr)\\xdT, 

J to 

where y{6; t) (t G J) is the one in Proposition [5l On the other hand, for to < 6 < t 

\\xe - xe{t,xt, fs)\\x < W^'xe - U'xe{t, Xt, f5)\\x + W^^^xg - Wxgit, Xt, f5)\\x 

< \\U'xe - F,,5(ffxe)|U + WF.A^'xe) - F^^W^xeit^Xt, fs))\\x 

+ \\WX0 - U''xg{t,Xt,fs)\\x 

< wmwx + (1 + mm^^e - n%(t,xi, fs)\\x 

< \\m\\x + {l + m)K f e^'^-'^Uia)\\xda, 

Je 

where we used Proposition [3] (i), (iii) and Proposition H] (ii). Thus we have 

\\m\\x<Ce~''^'-''^mto)\\x 

+ 1^' Ke"^'-'^(\\m\\x + {i+m)K 

= ge-(*-*o)||^(to)|U+(i^+ ^'^' + ^/^^^ ) f e-^^-^maa)\\xda, 

\ a- fi' / Jt^ 

so that 



e'^mmx<Ce-'°\mo)\\x + K / e^^aa^xda, 

J to 

where K := K + K^{1 + L{6))/{a — fi'). An application of Gronwall's inequality gives 

e"1e(t)IU<C^e"*«||e(to)||ve^(*-*°\ 

and hence 

||eWllx<C||^(to)IUe-("-^)(*~*°), teJ, 

which is the desired one because in view of fl2T]) 



K = K- — - = a-f3o. 
a — fi' 

The latter part of the proposition is evident. This completes the proof. □ 
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Proof of Theorem [7| The properties (ii) and (iii) of Theorem H] are now immediate conse- 
quences of Propositions [3] and ini respectively. We verify the property (i). Observe that Y^j 
is a subspace of Yr^' if 77 < 77' < a, and denote the inclusion map by JT" : F,, — )■ Yrf>. It will be 
shown, in the appendix (Proposition [TU]) . that J^A^ s is smooth as a map from E'^ to F^/; 
and hence F^,^s = 11*" o evo o JT'A*^^ is also smooth. Moreover, the relation 

holds since Dfs{0) = Df{0) = (cf. gl]) and (02])). In particular 

DF.^O)^ = D{W o evo o JA,^s){0)^ = ff"T^(0)^/' = ff> = 0, ^ e E', 
so that DF^^s{Q) = 0, which implies (i). □ 

3.2. Stability for integral equations via the central equation. In this subsection, 
introducing some ordinary differential equation which we call the central equation, we will 
study stability properties for the zero solution of Eq. (E). 

Assume that E'^ 7^ 0. Let . . . , (pd^} be a basis for E"^, where dc is the dimension of E'^. 
Then based on the formal adjoint theory for Eq. developed in [21] (also refer to f23]) 
where the formal adjoint theory is accomplished for Volterra difference equations), one can 
consider its dual basis as elements in the Banach space 

X« := Ll{R+; (C*)™) = : M+ ^ (C*)™ : V^(r)e-''^ is integrable on M+} 

with norm 

POO 

Jo 

where (C*)'" is the space of m-dimensional row vectors with complex components equipped 
with the norm which is compatible with the one in C™, that is, \z*z\ < \z*\ \z\ for z* G (C 
and z G C™. To be more precise, if we set 

((^, 0)) := £ (^j' ^(^ - d)K{~e)mddj d9, (^, </>) G X« x X, 

then this pairing defines a bounded bilinear form on x X with the property 

<\\K\\^,M\\xAmx, (^,0)GX«xX; 



I oo,p 

here we recall that ||-ft'||oo,p = ess sup{||i^'(t)||e''* : t > 0}. Then there exist {ipi, . . . ,ipdc}y 
elements of X", such that {-ipi, (pj} = 1 ii i = j and otherwise, and {-ipi, (p} = for G -E* 
and i = 1,2, ... ,dc; we call {ipi, . . . , ipdc} the dual basis of {(pi, . . . , (pd^}- (See [24| for details.) 

Denote by <l>c and \E'c, {(pi, ■ ■ ■ ,(pdj and \ipi, . . . ,ipdc), the transpose of {ipi, . . . ,ipdc), 
respectively. Then, for any G X the coordinate of its ii^'^-component with respest to the 
basis {(pi, ... , (pd^}, or $c for short, is given by 

{{^,,(P}:=UiiPi,(P},...,{{iJd.,(P})eC''% 
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and therefore the projection is expressed, in terms of the basis $c and its dual basis \l/c, 
by 

(28) n^0 = <l>,((^e,0)), <Pex. 

Since {T'^{t)}t>o is a strongly continuous semigroup on the finite dimensional space E'^, 
there exists a. dc x matrix Gc such that 

(29) r^(t)$c = $ce*^% t > 0, 

and <j{Gc), the spectrum of Gc, is identical with S*^. The £''^-components of solutions of 
Fjq.{Es) can be described by a certain ordinary differential equation in C'^''. More precisely, 
let x{t) be a solution of Eq.{Es) through (a, 0), that is, x(t) = x(t; a, (p, f). If we denote 
by Zc(t) the component of H'^Xt with respect to the basis $c, that is, ^cZc(t) := H'^Xt, or 
Zcit) := {'^c,Xt}, then by virtue of [22|, Theorem 7] zdt) satisfies the ordinary differential 
equation 

(30) 4(t) = GMt) + HJsi^Mt) + n^"xt), 
where He is the dc x m matrix such that 

Hcx:= lim ((^e,r"x)), x G C'". 



Thus the £''^-components of solutions of Eq.{Es) are determined by solutions of ( l30l) . 
In connection with Eq. ( 130|) . let us consider the ordinary differential equations on C'^'' 

{CEs) m = Gcz{t) + HJs{<l>cz{t) + F,4<!>cz{t))) 

and 

(CE) z{t) = Gcz{t) + HJ{^cz{t) + F,($,^(t))). 

We call Eq. (CE) (resp. Eq. (CEs)) the central equation of (E) (resp. (Es)). 

Proposition 7. The following statements hold true: 

(i) Let X be a solution of Eq.(Es) on an interval J such that Xt G {t E J). Then 
the function zdt) := ((\l'c, x^)) satisfies the equation (CEs) on J. 

Conversely, if z{t) satisfies the equation (CEs) on an interval J, then there exists a 
unique solution x of Eq.(Es) on J such that Xt G Ws and W^Xt = ^cz{t) on J. 

(ii) Let X be a solution of Eq.(E) on an interval J such that xt G W\^^{r,5) (t E J). 
Then the function zdt) := {"^cXt} satisfies the equation (CE) on J, together with 
the inequality sup^gj ||$c-2^c('^)||x < 

Conversely, if z{t) satisfies the equation (CE) on an interval J together with the 
inequality sup^^j [[^^^(i)!!^ < r, then there exists a unique solution x of Eq.(E) on 
J such that Xt G VFio(,(r, 5) and Wxt = ^cz(t) on J. 
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Proof. Let us recall that whenever G X satisfies ||n'^0||x < € if and only if 
e Wioc(^,^); and consequently F,,5(ff0) = F,(n^0) and /5(n^0 + F,,5(n^0)) = /(ff0 + 
F*(n'^0)). Therefore satisfying sup^gj ||$c-2(^)IU < r is a solution of (CEs) on J if and 
only if it is a solution of (CE) on J. Thus (ii) is a direct consequence of (i); so, in what 
follows, we will prove (i) only. 

The former part of (i) directly follows from Proposition [3] (iii). Conversely, let z{t) be a 
solution of {CEs) on J. Pick t E J and set = $c-2(t) + F^^s{,^cz{j)). Then it follows 
from Proposition [3] (iii) again that x{t) := x{t; r, 0, fs) is a solution of (Es) on J such that 
Xt G PV^ for t E J. By the former part, the function Zc{t), defined by $c-2c(^) = H'^Xj, is 
also a solution of (CEs) satisfying Zc{t) = 0)) = ((\l/c, $c-2(t))) = z{t). The uniqueness 
of solutions of {CEs) yields Zcif) = z{t) for t G J and hence U^Xt = ^c^cit) = $c^(^) for 
teJ. □ 

Since /(O) = /^(O) = 0, both equations (CE) and {CEs) (as well as (i?) and (-E^)) 
possess the zero solution. Notice that the zero solution of {CE) (resp. {E)) is uniformly 
asymptotically stable if and only if the zero solution of {CEs) (resp. {Es)) is uniformly 
asymptotically stable. Likewise, the zero solution of {CE) (resp. {E)) is unstable if and 
only if the zero solution of {CEs) (resp. {Es)) is unstable. Here, for the definition of several 
stability properties utilized in this paper, we refer readers to the books [331 112] ■ 

Now suppose that = 0. Then the dynamics near the zero solution of {E) is determined 
by the dynamics near 2;^ = of {CE) in the following sense. 

Theorem 6. Assume that S" = 0. // the zero solution of (CE) is uniformly asymptotically 
stable (resp. unstable), then the zero solution of (E) is also uniformly asymptotically stable 
(resp. unstable). 

Proof. By the fact stated in the preceding paragraph of the theorem, it is sufficient to 
establish that the uniform asymptotic stability (resp. instability) of the zero solution of 
{CEs) implies the uniform asymptotic stability (resp. instability) of the zero solution of 
(Es). 

If the zero solution of {CEs) is unstable, the instability of the zero solution of {Es) imme- 
diately follows from the invariance of Ws (Proposition [3] (iii)). In what follows, under the 
assumption that the the zero solution of {CEs) is uniformly asymptotically stable, we will 
establish the uniform asymptotic stability of the zero solution of {Es), employing an idea 
utilized for the stability problems of parabolic partial differential equations in fl2[ Theorem 
6.1.4]. 

By virtue of [12, Theorem 4.2.1], there exist positive constants a, K and a Liapunov 
function V defined on Sa '■= {y G C'^'^ : \y\ < a} satisfying the following properties: 
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(i) There exists a 6 G C(M'^; which is strictly increasing with 6(0) = and 

b{\y\)<V{y)<\y\ for y e Sa. 

(ii) \V{y)-V{z)\<K\y-z\ for y,zeSa. 

(iii) V{z) < —V{z) for z G Sa, where V{z) is defined by 

V{z) := hmsup ^[ —, 

y{h) being the solution of {CEs) with y{0) = z. 
Choose a positive number tq such that 

(31) e"^" < ^ and Ce'^"^" < ^, 

where (Sq is the one in Proposition |6l and we may assume that Pq > fi', taking 6 so small if 
necessary. Put K^o '■= ||-f^||oo,p and take a positive number P in such a way that 

(32) P > max fl, -^-KKK^\\<iI,\\) , 



and set 



ae" 



-»?T0 



where ||^c|| := ( XljLi llV'jllxtt)^^^- Let be a neighborhood of in X such that 

((^„0))gS,, ||n^0||x<ao, and Q <h{a) 

for G fi, where 

(KK II KC\ 

PC + — f ^' ^ (||nviU + ||F.,,(n»|U), 
Po — / 

and consider the function Vr(0) on Q defined by 

W{4>) := V{i^,, 0))) + P||n> - F,,,(ff</))|U, G 

is continuous in Q with Vr(0) = and is positive in f^\{0} because of (i) and (ii). 
We will first certify the following claim. 

Claim 1. There exists a positive number Cq such that, for any t^ G and G X with 
W^(0) < Co, the solution x(t;to, (j), fs) exists on [to, to + tq] and satisfies Xt(tQ, (j), fs) G Q for 
t E [to,tQ + To]; in particular, \\Il'^Xt(to, 4>, f5)\\x < clq in this interval. 

Indeed, suppose that Xt(tQ, 0, fs) is defined on the interval [to, to + t*) with < To. Then 
Xt{to, 0, fs) = T{t - to)(f) + lim / T{t - s)T"- fs{xs{to, 4>, f5))ds 



to 
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for t G [to, to + t*); so 

\\xt{toA,fs)\\x<M\\<p\\x+ [ MUS)\\xs{toAJs)\\xds, 

where M := supg<«^g ||^(^) ||£(X)- By Gronwall's inequality 

\\xt{toA,fs)\\x < M||0||xe*^^*(^)(*-*'') < M||0lUe^^^«*(^)-«, t G [to,to + Q, 

which means that Xt(to,(j),fs) can be defined on the interval [to,^o + t*] and therefore on 
[to, to + To] (cf. [221 Corollary 1]). Thus it turns out that if is small enough, Xt(to, (p, fs) 
exists on [to, to + tq] and moreover belongs to Q in this interval. The claim readily follows 
from the fact that inf{iy(0) : G ||0||x > t} > for small r > 0, together with the 
property of Q. 

Now given to G M"*" and G X with W{(j)) < Cq, consider the solution x(t) := x{t; to, 4>, fs)- 
By Proposition [2] (i) 

\\A,,s{U'^Xt)is)[\x < ||A.,5(n^Xi)||y^e''l^l < e^\'\2C\\Wxt[\x, s G R; 

hence taking account of A^^s(Il^xt){s) = Xt+s(t,Xt, fs) for s G M (Proposition [3] (ii)), we get 

\\xt+s{t,xt,fs)\\x < e''^^'2C[\n'xt\\x, s G [-ro,0], 

where Xf := Wxt + F^^sO^^Xt). Set y°(t + s; t) := Xt+s{t, Xt, fs)))- Then 

\y°{t + s;t)\<K^\\^,\\\\xtUt,Xt,fs)[\x 
<K^\\^4e^^'2C\\U'xt[\x 
< iroo||^c||e''"«2Cao 
= a/2, se[-To,0], 

hence y°{s;t) G 5'a/2 and thus V{y°{s]t)) is well-defined for s G [toi^] with t G [to^^o + tq]- 
We next confirm: 

Claim 2. snp{W{xt) : t G [to,to + i-o]} < Q and W{xto+roito, (j), fs)) < co/2. 

Indeed, fix a t G [t^^o + ^o] and set z{s) := y°{s]t) for s G [to,t]. Since 

y°{s;t) = {{^,,xs{t,xt,fs))) = i^c,Il''xs{t,Xt, fs))), s G [to,t], 

z{s) is a solution of {CEs) on [to,^] satisfying = y°{t;t) = ((\E'c5 n'^a;^)). By the property 
(i), V{z{s)) < —V{z{s)) for s G [to,^], which means 

^(e^-V(z(.))) = e^"*(\/(z(.)) + \>(^(.))) < 0, 

so that 

V{z{t)) - e*«-V(^(to)) < f^j-^{e'-'V{z{s)))ds < 0; 
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consequently, 





















))) + e*-*(r(y°(to;t))-n((vl/.,n%)))) 


< 








))) + e*°-*ir|y°(to;t)-((*e,nx))| 










) + e*°-*ir| (t, xt, z^) - n^xt„)) 1 


< 






n^0)) 


) + e*»-*iriroo||^c|| ||n^a;i„(t, xt, /,) - n-^xtjlx 


< 






n^0)) 





'to 



where the last inequality is due to Proposition H] (ii). Therefore, applying Proposition El 

W{xt) = V{{{^,,U'^Xt}) + P\m\\x 

J to 

+ PC||e(to)||xe-^«(*-*") 



KK KCW'^li II 

(33) < e*«-*V-(((v^e, n^0))) + ^ '" lle(to)IUe*°'* + PC||e(to)||xe-*(*-*°). 



In particular. 



pcum\xe 



/9o-/x' 

< (l/2)F(((v^„ + (l/4)P||e(to)||x + (l/4)P||e(to)||x 

= {l/2)W{xt,) = (1/2)W^(0) < (l/2)co. 

Since ||e(to)||x < P'^^llx + ||P*,5(ff0)||x, il implies also 
sup{W{xt) : t G [to,io + ro]} 

< V^(((vl/„ + ^^%^^^||e(to)||x + PC||e(to)lU 

Po — /i 

(R'/<' llvT/ II /vT^X 
PC + — f ^ (||nvilx + ||P*,.(n'=</>)IU) =Q, 
Po — /i / 

as required. 

By Claim 2, combined with Claim 1, x(t) = x(t;to, (f), fs) is defined on [to, to + 2to], and 
y°{s; t) G 5'a/2 still holds for s G [to, t] with t G [to, to + 2ro]. 
Then we have: 



Claim 3. sup{iy(a;t) : t G [to + To, to + 2ro]} < Q/2 and W{xt,+2ro) < Co/2^ 
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Indeed, let t E [to + Tq, to + 2ro]. By the same reasoning as in Claim 2 the inequality 

^(e^-V(y(s;t))) <0, se[t-To,t] 
holds; so that V{z{t)) - e-^°V{z{t - tq)) < and hence 

y(((^e, H'xt}) < e-^»y(((^„ W^xt-ro))) + ffxi_.„(t, xt, fs) - n'xt-ro)) I 

Therefore, correspondingly to (!33|) . 

+ PC||e(t-ro)||xe-*^« 

R'/^' /<'(^||\T/ II 

< e--V^(((vl/„ ffx,,,,))) + ^ ^ - ro)|Ue-- 

+ PC||e(t-ro)||xe-*^° 

< (l/2)\/(((vI/„ ffa:,_.„))) + il/mm - ro)\\x + (l/4)P||e(t - ro)||x 
= (l/2)H^(x,_,,) 

< (1/2) sup{iy(a;,) : r G [to, to + ^o]} < Q/2, 

where the last inequality follows from Claim 2. Letting t = to + 2ro in the above, we also 
see from claim 2 that 

V^(Xt„+2.o) < ^W^K+.o) < ^ ■ I = I' 

and Claim 3 holds. 



Repeating this argument, one can deduce in general that x(t) = x{t;to, (j), fs) is defined 
on [to, to + utq], and y°{s; t) G Sa/2 holds for s G [to, t] with t G [to, to + nro] for any n G N. 
Moreover, 

Q Co 

sup{iy(xt) : t G [to + (n - l)ro, to + nro]} < and iy(xio+„^J < ^ 

for n G N. This means that x{t) = x{t; to, 0, /s) is actually defined on [to, oo) and that 

V{i^,,Xt{toAJ5)}) + Pm'xt-F,4U''xt)\\x < Q2-(*-*o)/^°, t G [to,oo). 
In view of (i) and P > 1, 

b{m,,Xtito,cj),fs)}\) < g2-(*-*o)/^« < 6(a), llffxi - F,4n'xt)\\x < Q 2-(*-*«)/^«. 
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Since 

WW^Xtito, 0, fs)\\x = ||$c((^c, xtito, 0, fs))) \\x < 11$ cll b-' {Q 2-(*-*»)/-») 
with :=(E-li 110,11^)^/' and 

\\U'xt{toAJ5)\\x < \\Il'xt-F,4U'xt)\\x + \\F.A^'xt)\\x 
<Q2-(*-*°)/^°+L(5)||n^a;t||x, 

so we obtain that for any (p E fl and t G [to, oo) 

||xt(to,0,/5)||x < lin'^xtllx + ||n'a;t||x 

< g2-(*-*o)/ro ^ (1 + L(5))||$ell r^(g2-(*-*°)/"°), 

which shows that the zero solution of (Es) is uniformly asymptotically stable. □ 

Before concluding this section, we will provide an example to illustrate how our Theorem 
[H] is available for stability analysis of some concrete equations. Let us consider nonlinear 
(scalar) integral equation 

(34) x{t) = uf P{t - s)x{s)ds + f{xt), 

J — oo 

where i/ is a nonnegative real parameter, P is a nonnegative continuous function on R"*" 
satisfying P(t)dt = 1 together with the condition ||-P||i,p := P(t)eP^dt < oo and 
||-P||oo,p '■= ess sup{P(t)e^^ : t > 0} < oo for some positive constant p, and / G C^{X;C), 
X := Ll{R-;C), satisfies /(O) = and Df{0) = 0. Eq. ([34]) is written as Eq. (E) 
with m = 1 and K = uP. The characteristic operator A (A) of Eq. (1341) is given by 
A(A) = 1 — z/ Jg°° P(t)e~^^dt. It is easy to see that if > 1, then A(Ao) = for some positive 
Ao; hence ^ 0. Observe that |A(A)| > 1 - i/ if ReA > and < < 1. Thus, if 
< u < 1, then U = 0. Hence, by virtue of the principle of linearized stability 
for integral equations (e.g., [3 Theorem 3.15]), we get the following: 

Proposition 8. Under the above conditions on Eq. the following statements hold true; 

(i) if ^ ^ V < Ij then the zero solution of Eq. is exponentially stable (in L^j; 

(ii) if V > 1, then the zero solution of Eq. ^^3^ is unstable (in L^) 

In the remainder of this section, we will treat Eq. flMl) in the critical case z/ = 1, and 
investigate stability property for the zero solution of Eq. fl34|) by applying Theorem [61 In 
case z/ = 1, we easily see that = and E'^ = {0}. Indeed, in this case, is a simple root 
of the equation A(A) = 0, and E'^ is 1-dimensional space with a basis {0i}, 0i = 1, together 
with {ipi}, ip\ = 1, as the dual basis of {0i}; see [21] for details. The projection II'^ is given 
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by the formula = $c((^c, 0)), V0 G X, and hence 
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ff0 = 01 ((^1,0)) = 01 (/ ^ - e)p{-e)md^de^ 
= $,(1° PM)(^°0m)rf^). 

Thus, for a solution a;(t) of Eq. f l34p . the component Zc(^) of H'^Xt with respect to $c is given 

by 

= / p(t- s)x{s)ds 

J — oo 

with P(t) := J^°° P{T)dT, because of 

Zc{t) = [ P{-d) ( [ x{t + C)dc) d9= [ P{-9) ( [ x{s)ds^ dd 
J~oo \Je J J-oo \Jt+e J 

Pit -r)( I x{s)ds \ dT= I (j P{w)dw^ x{s)ds. 

■oo \J T J J —OO \Jt — S / 

Observe that Zf.{f) satisfies the ordinary equation 

z^{t) = P{0)x{t) + f {-P{t - s))x{s)ds = x{t) - f P{t- s)x{s)ds, 

J —oo J —oo 

that is, Zc(t) = f{xt) = /($c-2c(^) + n^'xt). In particular, if x is a solution of Eq. fl34l) 
satisfying Xt G Wf^^{r,6) on an interval J, then Wxt = F*($c-2c(^)) on J] hence we get 
Zc(t) = fi^cZcit) + F^:{^cZc(t))) on J. This observation leads to that Gc = and He = I in 
the central equation (CE); in fact, by noticing that T,'^ = {0} and HcX = lim„_j.oo (("01 ; r"x)) = 
X, Vx G C, one can also certify this fact. Let us assume that / is of the form 

(35) /(0) 



[ P{-d)mde) +g{<P), V0GX, 

J —oo J 



where e is a nonzero real number, and g G C^{X\ C) satisfies |5'(0)| = o(||0|||-) as ||0||x 
(here, o means Landau's notation "small oh"). Indeed, noting that ||-P||oo,p < (Vp)ll-P||oo,p 
and ||-P||i,p < (l/p)||P||i,p, we see that the function / given by (1351) satisfies / G C"^(X;C) 
and /(O) = D/(0) = 0. Since 



f{^cZc{t) + F,{^,z,{t))) = f{xt) = e (^j P{-e)xt{e)de^ + g{xt) 



P{t ~ s)x{s)ds j +g{xt) 

— oo / 

eiz,{t)f + gi^cZcit) + F,{^,z,{t))), 
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we get fi^cW + F^{(^cw)) = ew^ + g{^cW + F*($c'U^)), Vw; G C. Thus, the central equation 
{CE) of Eq. (l34l) becomes to the equation 

(36) z = ez'^ + g{<Piz + F,{(j)iz)). 

Since = o{z) as 2; — )• by Theorem [5]- (i), it follows that z = ez^ + o{z^) as z — )■ 0; 

consequently, one can easily see that the zero solution of Eq. (136!) is uniformly asymptotically 
stable (resp. unstable) if e < (resp. e > 0). Therefore, by virtue of Theorem El we get the 
following result: 

Proposition 9. Let u = 1 in Eq. [34\ ), and assume that f is of the form ^35\) (with nonzero 
constant e and g{(j)) = o(||0||x) II0IU ~^ '"'^^^ 9 ^ C^i^i C) )■ Then 

(i) if e < 0, then the zero solution of Eq. [34^ is uniformly asymptotically stable (in 

(ii) ife>0, then the zero solution of Eq. [34\ ) is unstable (in L^j. 



4. Appendix 

In this appendix we will prove the C^-smoothness of the center manifold of the equi- 
librium point of Eq.{Es), and give stable/unstable manifold theorems (of the equilibrium 
point 0) of Eq.{E). 

4.1. Smoothness of the center manifold W^. For a Banach space U with norm \\ ■ \\u 
and A > 0, we define 

BC^{R;U) = {ye C{R;U) : sup \\y{t)\\u e'^^'^ < 00}. 

BC^(R; U) is a Banach space normed with ||i/||bc^(R;(7) •= supjgjj ||y(t)||;7 e~'^'*'. We use, for 
abbreviation, the notation || ■ ||a,{/ instead of || ■ WBC'iKiU)- Evidently, if A < A', there is an 
inclusion map BC^{R; U) ^ 5C^'(R; U) with 

\\y\\x',u< \\y\\x,u for yeBC^{W-U). 

In what follows, for > we denote the inclusion map from i?C'*'(]R; U) to i?C'^+'^(M; U) 
by the same notation Jj^ for all A > and any Banach space U . Clearly, belongs to 
£(5C^(M; U)- BC^+\n- U)). 

By restricting the functions with values in an open subset O of t/, we also use the sym- 
bols 5C^(R;C), 5C^'(M;C) and so on to denote open subsets of the spaces 5C^(M;[/), 
BC^'iR; U) and so on, respectively. 

Let O be an open set of U , and consider a continuous map h : O . Then h induces a 
map h from C(M; O) to C(R; V) by letting 

\h(y)\ (t) := h{y{t)) for y G C{R; O) and t G M. 
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We recall that if sup^g^ ||/i('u)||v' < oo, the induced map h is continuous as a map from 
5C^(R; O) to 5C^'(R; V) for A' > (cf. [SI Appendix IV]). 

Proposition 10. A,,,^^ is of class as a map from E'^ to Y^i for rj G (?7, a). 

Proof. Let 17 be a positive number such that rj < 7) < a and set 

a(A) := CmCC, {-^ + + for A 6 

\\ — e a + A a — A J 

By taking 5i > small if necessary, we may assume that 

C*(A) < C*('^) < 1 for < 5 < 5i and A €[77,17]. 

Now let A G [r], 57], be a nonnegative number with A + 71 < 17 and v G i?C^(R; C{X\ C*")). 
Consider a map Tioiv) : Yx — > Ia+^j defined by 

\'Ho{v)wo]{t) := lim / r{t - s)U'T''v{s)wo{s)ds 

- lim / r"(t - s)n"r"t;(s)w;o(s)rfs 

+ lim / T'{t - s)U'r''v{s)wo{s)ds, t G R 

•/ —00 

for eYx- By (fT3|) it follows that 

mo{v)wo\{t)\\x < rC7CiCWe^l*-^l(||t^lU,£(X;C™)e'^l^l)(lko||ne''l^l)^s 
Jo 

/oo 

+ r CCiC(5)e-"(*-'^)(||^;|U,^(X;C"^)e'^l^l)(lko||y,e''l^l)ds 
J —00 

<a(A + 7i)||t;|U,£(X;C'^)lko||y.e(^+'^)l*l 
for any ^^;o G Ia and t G R; hence 



(37) ll^o(^^)w^o||y;,+„ < 7^\\v\\^,,c{x■,c-^)\\w4Y^, Wq G Fa- 



1^ 
11^11/ 

'(1) _ rtj^c.v\ v(^) 



1-Lq{v) induces a bounded linear map from Y^ = C{E^] Yx) to Y^^^^^ = C{E^] Xx+^t), denoted 
n{v), by 

[[H{y)w\{t)\(l) := [HQ{y)w(t)]{t) for w G F^^^ and G 
where G Fa is given by [w0](t) := w(t)(j) for t G R, and ( 1371) yields the estimate 

(38) \\'H{v)w\\ (1) < ^||w|U,£(X;C'")lkl|y,{i), w G 
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By setting X = r], fi = and v^{ip) := Dfs{A^^s{i^)) for ip G E'^, we can consider a linear 
equation in Y^lf^^ 

(39) Ai=T%-)+'H{v,{ij))Ai, ijeE' 

since T''(-) belongs to Y^^K Because \\Dfs{A^,s{'ip))\\o,c{X;C"') < C*(^) (cf- ©), fl38l) implies 

(40) ||H(i;.(^))||^(^a))<^C(5)<^, 

and hence Ai = Ai{iIj) is uniquely determined for each ip & E'^ and is given by 

(41) A(^) = (/^(i, - ?/(t;.(^)))"'2^^(-) = E(^(^*(^)))"^'^(-)- 

n=0 

Let us take any rj' G (r],"?)]. We will verify that Jr,'-riA^,5{'ip) is differentiable and 

(42) Z}(J,,_,A,,5(^)) = Jr,i-rMi')^ ^^E' 

holds. Notice that Tsi^ + h,K^s{^ + h)) - Tsiip^KA^ + ^)) = T%-)h = Ai{ip)h - 
?/o(f*(^))^i(^)/i, V/i e by ([HD and ([39D. We thus get 

KA-^ + h)- A*,5{ip) - Ai{ilj)h 
= Ts{^ + h,A^Ai^ + h))-J^s{i^,A*Ai^))-Ai{ip)h 

= Fs{i),A,Ai^ + h)) - 7s{i^,A,Ai^)) -no{v,{i)))A^{i))h 

for h G E'^. Since 

/,(A,,5(^ + h){s)) - fs{A,A'^){s)) = [ Dfs{A„{^){s))da {A^A^ + h){s) - A,Ai^){s)), 

Jo 

where Aa-{ip) := (1 — (r)A^^s{i') + o'A^^sii' + h) for a G [0, 1], it follows that 

Tsii^,A,A^ + h))-Ts{^,A,A^))=noivhW)iA,Ai^ + h)-A,A^)), 
where Vh{ip) is an element in BC(R; C{X; C™)) defined by 

[vhm{s).= ! Dfs{A,{^){s))da forsGM. 

Hence 

A,A^ + h)- A,A^) - Ai{^)h = HoivhW - v,{^)){A,A^ + h) - A^A^)) 

+ no{v,iij))iA,Ai^ + h)- A,Ai^) - Mi^)h), 
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and, applying (l37|l and Proposition |2] (i), we get 

II J^/_^A,,5(V' + h) - Jn'-rjK,5iip) - Jn'-nAitp)h\\Y^, 

< {l/2)\\Vh{i') - v4i')\\r,'-r,,C{X;C"^) ||A*,5(V^ + h) - A*,5(^)||y^ 

+ (l/2)||i;*(^/')||o,£(X;C-) \\Jr,'-,jK,5{i^ + h) - Jn'-rjA^^sW - Jn'-r,Ai{llj)h\\Y^, 

< C\\vhii') - v^{i))\\n'-ri,c{X;C"^) \\h\\x 

+ (1/2) II J^/_^A*,5(V^ + h) - Jr,>-rA*Ai') - Jri'-riAi{ij)h\\Y^,, 

so that 

II J^/_^A=^,5(V^ + h) - Jr,'-riK,5{i') - Jr,'~^Ai{i))h\\Y^, 
(43) < 2C\\VhW-v4^)\\r,'^„C{X;C^") Mx- 

Notice that the continuous map Dfs : Ss — )■ £(X; C") satisfies sup^g^^ ||-D/5(0)||£(X;C'") < 
C*(5), and hence by the fact stated in the preceding paragraph of the proposition, the induced 
map Dfs : 5C''(M; Ss)^ 5C"''-''(M^£(X; C™)) is continuous because of r/' - r/ > 0. Since 
Vhi^) - v^i^P) = (aS(A<x(^)) - Dfs{A*m)da in 5C"''-'^(M; £(X; C™)), the following 
inequahty holds true: 

\\VhW - ^^*(V^)ll'7'"r,,£(X;C-) < SUp \\D fs{Aa{lp)) - Dfs{A*.s{ij))\\rj'-n.C{X;C"-)- 

0<(T<1 

Hence lim/,^o - f*(V') ||r7'-»7,£(X;C™) = because of 

sup \\A^i^) - A,,5(^)||y,, < ||A,,5(^ + h)- A.^sWWy, < 2C\\h\\x 

0<(T<1 

as \\h\\x — 0. Thus (H3l) implies the differentiability of the map Jr^i-rjA^^sO') as well as 

We will finally certify the C^-smoothness of the map J^'_^A^, ,5 (■?/'). By (HTi) 

00 

n=0 

This series in Y^P converges uniformly for ijj G E'^ because the norm of each term Jn'-r]{l-L{y^{ip))) 
does not exceed (1/2)" by (HOj) . So, by virtue of P2|) . it suffices to prove the continuity of 
the term J^/_^('H(f*(^/')))" as a map from to C{Y^^\y^}^). Given a positive integer n, 
put ai := (?]' — ifj/n. It is then easy to see that as a map from vjj^'^ to F^^"*^^ 

j,,-,(h(t;.(^)))" = Jim^m"" = {JaMv*mr = mjaMi^w 

holds for G E". Since sup^gcj^. \\Dfs{4>)\\c{X;C"') < C*{S) again, the map Ja^Dfs : 5C"'(]R; S^) 
i?C"^ (M; i2(X; C")) is continuous by the fact stated in the preceding paragraph of the propo- 
sition. Then Jaj^v^{ip) is continuous in ip; and so is Jr^>-r^{'H{v^,{'ip)))^. This completes the 
proof. □ 
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Remark 1. Let k he a positive integer. Then under the assumption that / is of class C^, 
we can estabhsh the C'^-smoothness of the center manifold Wg. In fact, the continuity of 
each term of the formal series, given by (m times) term-wise differentiation of ( 14T]) (m = 
1, 2, . . . , A; — 1), is guaranteed, together with the uniform convergence of the series, if we 
regard A,,,^^ as a map from E'^ to YJ^ for a suitable 17 G (r/, a); for details see [271 Proposition 
4]. 

4.2. Stable manifold theorem and unstable manifold theorem. In this subsection we 
will give (local) stable/unstable manifold theorems for the integral equation 

(E) x{t) = I Kit- s)x{s)ds + f{xt) 

J —00 

under the assumption that the zero solution of (E) is hyperbolic. 
For r > and 5 > we set 

WUr,S) = {0 G X : \\W<P\\x < r, ||xi(0, 0, /)|U < S, t e M+}. 
Then Wf^^{r,5) is called the local stable manifold (of the equilibrium point 0) of Eq.{E). 

Theorem 7. Assume that the zero solution of Eq.(E) is hyperbolic and that f G C''{X; C") 
with /(O) = -D/(0) = 0. Then there exist positive numbers r, 6, and a C'^-map E^ : BE^ir) — >■ 
with F*(0) = 0, together with an open neighborhood flo ofO in X, such that the following 
properties hold: 

(i) W{^^{r,5) = graph F"*; moreover, W{^^{r,6) is tangent to E'^ at zero. 

(ii) To any /3 G (0, a) there corresponds a positive constant M such that 

\\xt{Q.<PJ-)\\x<Me-^'U\\x. <P e W(,,{r , 5) . 

(iii) W{^^{r,5) is locally positively invariant for Eq.(E), that is, if (p & W{^^{r,6), we have 
Xr{0,(j),f) G W{^^{r,6) forr G M+ whenever Il^Xr{0,(j), f) G Bj^,{r). 

(iv) There exists a positive constant Pi with the property that if x{t) is a solution of 
Eq.(E) on an interval J = [to,ti] satisfying xt G on J, then the inequality 

\\U^Xt - E%Wxt)\\x < C\\Wxt, - E%Wxt,)\\xe^''^'-''\ t G J 

holds true. 

The properties (i) through (iii) of Theorem [7| can be proved in a similar manner to [271 
Theorem 5]. Indeed, let /9 be a positive number less than a, and the Banach space 
BC'^{R+;X), that is, 

Y+ := SC^(M+;X) = {ye C(M+; f/) : sup \\y{t)\\xe^' < 00} 
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with norm ||l/||y+ := sup4g]g+ ||y(t)||xe^* for y G . For sufficiently small tq > and 5 > 
one can define a map J-" : BEo{ro) x By+iS) — )■ by 



'/3 



:= - T'{t)^ - lim Tt^I^ - s)U'r- f{y{s))ds 

n-¥oo 

POO 

+ lim / T"(t - s)n"r"/(?/(s))ds 



for {ip, y) G Be^{tq) x i?y+((5) and t G M+. In view of the C^-smoothness of the induced map 
/: By+{5) fiC(M+; C") (cf. |6l Appendix IV] and [27J), the map J" turns out, in contrast 
to to be of class . The implicit function theorem (e.g. see [THJ Theorem 5.9 in Chapter 
I]) then yields the existence of the C'^-map A'^ : _B£;s(r) — )■ By+^S) satisfying A*('?/^)) = 
for ip G BE^ir), r being some positive number with r < tq. A^(-) plays a similar role to the 
one A*_5(-) does in the construction of center manifolds and, thus, := 11" o evo o A* is the 
desired one satisfying Properties (i), (ii) and (iii); we omit the details. 

Property (iv), which is a result parallel to the result Theorem 13.5.1] for ordinary 
differential equations, can be established by similar arguments to Propositions [1] through (6] 
so, we will give only a sketch of the proof. Given ip E E^, the equation for y G 

y{t)=T%t)tlj+ lim [ T%t-s)Wr^fs{y{s))ds 

"OO 



;"00 

lim / T"(t - s)n"r"/,(y(s))t/s, te 



possesses a unique solution AK?/;), where 6 G (0, 6i], and fs is a function defined by fs{4>) '■ = 
x{\\'n.^4>\\x/S)x{\\'^^4>\\x/S)f{(p), (p ^ X, and 6i is a number satisfying f|T3l) (cf. Proposition 
[1]). Considering a map Fg : — i?" defined by 

POO 

FiW = - lim / T"(-s)n«r"/5(AK^)(s))rfs, ^peE' 

n^oo 

which is indeed an extension of F^, one can verify that for any r G M and G : = 
{ip + Fg{ip) : ip G -E^}, the solution x(t;T,(p, fs) of (Es) exists on [r, oo), and it satisfies 
the relation Il^Xt{T, cp, fs) = F^(Il^Xt{T, cp, fs)) for any t > r (cf. Proposition [3]- (iii)). Let 
X be a solution of Eq.{Es) on an interval J := [to^^i], and let r E J. Then, putting 
Xr ■= H'^Xr + F^iU.'^Xr) we get the following inequalities: 

WU'xt - ffxt(r,x., fs)\\x <K e'^('^-*)||n'^x^ - n'^x^(r,x,, fs)\\xda, r < t < h; 
\\Wxt-Wxt{T,XrJs)\\x < K j'e^'^'^-'^WU^x^ - Fi{Wx^)\\xda, r < t < t,; 

rti 

\\U'xtih,Xt,Js) -Il'xtiT,Xrj5)\\x <K J e'^'('^-*)||n"x. -F;(ffx.)|Uf/cT, t > h; 
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here K := CCi(^{6), n := a — K and /i' = /x — KL{5) (cf. Propositions H] and |5]). Subse- 
quently, utilizing these results and repeating the argument similar to Proposition |6] we can 
establish the inequality 

which implies Property (iv); here Pi is a (positive) number given by Pi := a{l — 2K/{2a — 
K-KL{6))}. 

Similarly we can establish the existence of local unstable manifolds for Eq.{E). For r > 
and 6 > consider the set 

Wy'^cir,S) = {0 e X : ||n«0|U < r, ||xi(0, 0, /)|U < S, t e R-}. 

Then we have the following theorem on the existence of C^-smooth local unstable manifolds 
for Eq.(£'); we omit the proof of the theorem. 

Theorem 8. Assume that the zero solution of (E) is hyperbolic and that f G C^(X; C") with 
/(O) = Df{0) = 0. Then there exist positive numbers r, 6, and a C^-map : BE^{r) — ?■ 
with F"(0) = 0, together with an open neighborhood Qq of in X, such that the following 
properties hold: 

(i) W^^{r,5) = graph F"; moreover, W^^{r,6) is tangent to E^ at zero. 

(ii) To any P G (0, a) there corresponds a positive constant M such that 

\\xt{0,(P,f)\\x<Me^'mx, teR-, (PeW,:,{r,6), 

(iii) W^^{r,6) is locally negatively invariant for (E), that is, if (f) E W^^{r,6), we have 
Xr{0, 4>, f) G Wl'^^{r, 5) for r G M" whenever n"x^(0, 0, /) G BE^{r). 

(iv) There exists a positive constant Pi with the property that if x{t) is a solution of 
Eq.(E) on an interval J = [to,^i] satisfying Xt G Qq on J, then the inequality 

WU'xt - F"(n"xOIU < cwu'^to - F"(n"x<„)||xe-^^ t G J 

holds true. 

Remark 2. We can also establish the existence and C'^-smoothness of center-stable/center- 
unstable manifolds for Eq.(£') provided that / is of class C*^. We will, however, omit the 
statements and the proofs of the theorems. 
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